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A series of triaxial compression tests are carried out for frozen saline sandy soil with
Na2SO4 contents 0.0, 0.5, 1.5, and 2.5% under conﬁning pressures from 0 MPa to 16 MPa at
6 C, respectively. The test results indicate that, the Critical State Line (CSL) of frozen
saline sandy soil is curve and is not through the origin in (p,q) plane, and the soil particles
have the properties of initial anisotropic rotational angle and loaded anisotropy in process
of loading. In order to describe the deformation properties of frozen saline sandy soil, a
new double yield surface constitutive model is proposed based on the triaxial compression
tests in this paper. The proposed model contains the inﬂuence of salt contents on me-
chanical characteristics, so it is suitable for describing the stressestrain relation of frozen
saline soil. The proposed model has the following properties: (1) By deﬁning a modiﬁed
effective stress p*, a critical state strength envelope function is established according to the
Modiﬁed Cam Clay model. The envelope approximates a straight line under low conﬁning
pressures, but it is curve downward under high conﬁning pressures due to pressure
melting. (2) The effect of the initial anisotropic rotational angle and loaded anisotropy,
during process of loading under plastic volumetric compression mechanism, on yield
surface of rotational hardening is taken into account. (3) A paraboloid yield surface
function, including the rotational hardening law induced by loading, is proposed under
plastic shear mechanism. The universality of the proposed model is veriﬁed by the test
results of frozen saline sandy soil under different stress paths. Finally, in order to further
study the applicability of the proposed model in this paper, the stressestrain relation of
the cemented clay is simulated by it. And the inﬂuences of the pressure melting phe-
nomenon and the rotational hardening rule on the calculated results of the proposed
model are investigated. The research results indicate that the proposed model can simulate
not only the mechanics properties of materials whose CSL is straight but also those of
materials whose CSL is curved, other than predict the deformation regularity of frozen
saline sandy soil well.
© 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
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Frozen soil consists of mineral particles, ice inclusions, liquid water and gaseous inclusions (Tsytovich, 1985). And the
frozen saline soil is a type of frozen soil which contains solution of soluble salt and salt crystal. Test results show that the
precipitation of salt crystals at negative temperature is strongly sensitive to temperature (Wan and Lai, 2013). Compared with
general frozen soil, the structure of the frozen saline sandy soil is changed with the precipitation of ice crystal and salt crystal
in the freezing process, so the theoretical modeling of the constitutive relation of frozen saline frozen soil is more complex
and difﬁcult than that of other soils. With the development of society and economics, many engineering projects, such as
highways, railways, houses, airports and oil pipelines, will be constructed in cold saline soil regions. At present, the study on
mechanical property for frozen saline soil is rarely performed, so it is signiﬁcant and essential to investigate the mechanical
behaviors of frozen saline soil for engineering design.
Based on the theory of critical state soil mechanics, Roscoe et al. (1963) proposed Cambridge Clay model for soft soil.
Afterward Roscoe and Burland (1968) presented Modiﬁed Cam Clay model. Lade and Duncan (1978) formulated a dilatancy
model for sandy soil, which is called Lade-Duncan model. Since then, the constitutive model research of geotechnical ma-
terials becomes a hot issue. In the case of Rock Mechanics, Khan and co-workers have developed constitutive models to
capture elasto-plastic behavior of Berea sandstone under a large range of conﬁning pressures (Khan et al., 1991, 1992). In
damage constitutive model study on the brittle material, Shojaei et al. (2013) built a damage constitutive theory based on the
dynamic dissipation work method for polycrystalline materials under dynamic loading, and developed a continuum damage
mechanics (CDM) constitutivemodel to describe elastic, plastic and damage behavior of porous rocks (Shojaei et al., 2014). For
unfrozen geomaterials, some researchers proposed a lot of strength criteria and constitutive models to solve different en-
gineering problems (Li and Dafalias, 2000; Altenbach et al., 2001; Hashiguchi and Tsutsumi, 2003, 2007; Hashiguchi, 2005;
Vorobiev, 2008; Steinhauser et al., 2009; Shen et al., 2012; Xie and Shao, 2012; Yao and Wang, 2014; Mortara, 2015). The
deformation behaviors of soils are usually identiﬁed by two basic plastic ﬂowmechanisms: one is related to plastic shear, and
the other to plastic volumetric compression (Xie and Shao, 2006). In order to describe the two plastic ﬂowmechanismswell, a
double yield surface model has been established by combining a cap surface for plastic compression and a cone surface for
plastic shear (Peric and Ayari, 2002; Lai et al., 2010). Because of the structural complexity of frozen saline sandy soil, it is
difﬁcult to describe themechanical properties by a single yield surface, so the mechanical characteristics of plastic volumetric
compression mechanism and plastic shear mechanism are used to investigate the constitutive relation of frozen saline sandy
soil in this paper.
Many researchers have made a lot of researches to describe the mechanical characteristics of general frozen soil
(Chamberlain et al., 1972; Bragg and Andersland, 1981; Fish, 1991; Hashiguchi, 2005; Zhang et al., 2007; Lai et al., 2009; Yang
et al., 2010; De and Pereira, 2013; Painter and Karra, 2014). By the test and numerical methods and selecting different test
materials and theory, the various affecting factors on mechanical behaviors for frozen soil have been studied and different
constitutive models have been established up to the present. The more detailed frozen soil test methods and research pro-
cesses were introduced in the authors’ previous works (Lai et al., 2009, 2014). However, it should be pointed out that
stressestrain relationship of frozen saline sandy soil is more complex than that of unfrozen soil or general frozen soil. During
the freezing process, ice crystals, salt crystals, and soil particles are cemented together to make the frozen saline sandy soil
have tensile capacity. The characteristics of frozen soil are similar to that of cemented clay. In the study on mechanical
behavior of cemented clay, Suebsuk et al. (2010) proposed a constitutive model, based on the Structure Cam Clay (SCC) model
proposed by Liu and Carter (2002), to simulate the mechanical behaviors of cemented clay better. Gao and Zhao (2012) and
Nguyen et al. (2014) proposed amodiﬁed SCCmodel and its simulated results agreewell with the test results of cemented clay
with different cement contents. However, with the increase of conﬁning pressure, the frozen saline sandy soil has a char-
acteristic of pressure melting but the cemented clay does not have it. The pressure melting of frozen soils results in that with
the increase of conﬁning pressure, the critical state line (CSL) of frozen saline sandy soil will gradually bend downward, while
the critical state line of cemented clay is linear. The critical state line of the frozen saline sandy soil will degenerate as that of
cemented clay if the inﬂuence of pressure melting is not considered.
During the process of shearing loading or isotropic compression, the unfrozen geotechnical granular materials appear
different degree of anisotropic properties (Anandarajah, 2008; Yin and Chang, 2010; Rowshanzamir and Askari, 2010; Liu
et al., 2013; Fonseca et al., 2013). Based on theory and tests, many researchers have made a lot of studies on anisotropic
properties for granular material and soft soil. Voyiadjis et al. (1995) proposed a granular material constitutive relation based
on anisotropic rotating yield surface, and studied the deformation of anisotropic elasto-plastic damage for concrete (Voyiadjis
et al., 2008). Cleja-Tigoiu (2000) established an anisotropic ﬁnite elasto-plastic constitutive equation by combining the ki-
nematic hardening law of material. Based on test data of soft soils, Wheeler et al. (2003) proposed an anisotropic elasto-
plastic constitutive model called as S-CLAY1, in which a rotational yield surface and a rotational hardening law were used,
and the sensitivity of rotational hardening parameters was analyzed. In the previous study, it is found that the plastic ﬂow
directions does not coincide with the hydrostatic axis (Lai et al., 2009) when the isotropic consolidation was completed and
the shearing began, and the initial anisotropy is produced in the process of consolidation. From the triaxial tests of frozen
saline sandy soil, it is found that the soil particles generate initial anisotropic angle before shearing loading due to the
consolidation pressure. With the increasing of shearing loading, the anisotropic rotational angle of frozen saline sandy soil
decreases from initial rotation angle below horizontal axis to zero, and then increases to themaximum rotational angle above
horizontal axis.
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problem of related theory. Based on thermodynamic framework, Collins and Hilder (2002) built a theory foundation of
anisotropic elasto-plastic rotational hardening model by triaxial tests, and studied the forms of Helmholtz free energy rate
and the parameter's choice of dissipation rate. Voyiadjis et al. (2011) proposed a thermodynamic damage and healing process
constitutive model for viscoplastic materials, which contains two new yield surfaces for the damage and healing processes
that take into account the isotropic hardening effect. Xiao (2014) proposed a rate-independent ﬁnite elastoplastic equation
with thermo-coupled effects to bypass the yield condition and loading-unloading conditions. The purpose of this paper is to
propose a constitutive model which can describe the mechanical behaviors and the particle rotational rule of frozen saline
sandy soil. Based on the thermodynamic theory, we proposed a new rotational hardening double yield surface constitutive
model of frozen saline sandy soil considering initial anisotropy and loaded anisotropy. By employing double yield surface
functions and non-associated plastic potential functions, the proposed model contains plastic compression mechanism and
plastic shear mechanism. Additionally, the inﬂuences of rotational hardening rule on the calculated results are investigated to
validate the advantages of the proposed model of frozen saline sandy soil. It is found that the calculated results of the
proposed model are agreement well with the test results.2. Test conditions and results
2.1. Description of the test
The tested Na2SO4 saline sandy soil was collected from permafrost regions in Qinghai-Tibet plateau and its grain size
composition is given in Table 1. Firstly, in order to desalinate the soil, salt in saline sandy soil was removed ten times with
distilled water. The desalinated soil sample was dried at 105 C for 24 h, and then pulverized. Secondly, the dry preparation
soil samples are selected to make up the saline sandy soil whose salt contents are 0, 0.5, 1.5, and 2.5% (The salt is anhydrous
Na2SO4 ﬁne particles), respectively. The freezing temperatures of saline sandy soil with salt contents 0.0, 0.5, 1.5, and 2.5% are
0.19 C, 1.47 C, 1.54 C and 1.58 C, respectively. To ensure the uniformity of the samples, the saline sandy soil was
mixed with water at moisture content of 13%, and then kept for 12 h without evaporation to allow the water to be uniformly
distributed in the soil.
When the water was uniformly distributed in the soil, the prepared saline sandy soil was ﬁlled in a cylindrical mold to
make cylindrical soil specimens with target dry density 1.89 g/cm3 under certain compression rate. The specimens were
prepared as cylinders with 6.18 cm in diameter and 12.5 cm high. Then, the specimens in the molds were saturated under a
vacuum. In order to avoid large frost heaving and prevent moisture migration, the soil specimens were placed in a refrig-
eration unit and frozen quickly at a temperature below 30 C. After 48 h of freezing, the molds were removed and the
specimens were mounted with epoxy resin plates on both ends and covered with a rubber sleeve to avoid moisture evap-
oration. Finally, the specimens were kept in an incubator for over 24 h at the test target temperature of 6 C, such that the
specimens reached a uniform temperature.
The conﬁning pressures were from 0 to 16 MPa, and the strain rate of axial loading _εa ¼ 1:67 104s1 was employed in
the conventional triaxial test according to the GB/T 50123-1999 (People's Republic of China National Standard, 1999). Each
sample was loaded until failure and the test durationwas about 20min, so the conventional triaxial test is fast shear test, and
the deformation of frozen soil is mainly elasticeplastic deformation, and the inﬂuence of loading rate on mechanical
properties can be neglected. Therefore, during so short test time, the visco-plastic deformation is not taken into account in the
analyses of test results. Based on the conventional triaxial fast shear test results, the rate-independent mechanical properties
of frozen soil are investigated in this paper.2.2. Test results and analyses
The present study used a cryogenic triaxial apparatus improved from the MTS-810 material test machine which was
illustrated by Lai et al. (2014). After the specimens mentioned abovewere prepared, they were placed into the pressure cell of
the MTS-810 material test machine and a series of triaxial compression tests were performed. Firstly, the temperature in the
pressure chamber was set at 6 C with a precision of ±0.1 C; then, the prepared specimenwas consolidated under a preset
pressure for 2 h prior to the axial loading. In the axisymmetric case of specimen, the principal stress s2 ¼ s3, and the effective
principal stress of axial load is s1. We suppose that the stress and strain be positive under compression condition like the
assumption in geotechnical engineering.
The stress and strain for conventional triaxial test are expressed as:Table 1
Physical parameters of saline sandy soil (unit: %).
Composition of particle diameters
>0.50 mm 0.50e0.25 mm 0.25e0.075 mm 0.075e0.005 mm <0.005 mm
3.727 10.573 44.360 35.920 5.420
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3
ðs1 þ 2s3Þ; q ¼ s1  s3 (1a)
εv ¼ ε1 þ 2ε3; εg ¼
2
3
ðε1  ε3Þ (1b)
where p, q, εv, and εg are hydrostatic pressure, deviator stress, volumetric strain, and shear strain, respectively. The normal
components of the stress and strain tensors are assumed to be positive under compression condition like the general
assumption in geotechnical engineering. A series of triaxial compression tests were carried out at6 C at the salt contents of
0.0, 0.5, 1.5, and 2.5%, respectively. The test results of frozen saline sandy soil with salt content 2.5% are shown in Fig. 1.3. Thermodynamics basic framework
The theory of thermodynamics has better been developed and applied to research of geotechnical constitutive relation
(Collins and Kelly, 2002). Based on the general thermodynamic method, many new critical state constitutive models can be
developed (Collins and Kelly, 2002; Collins and Hilder, 2002).3.1. The ﬁrst and second laws of thermodynamics
The ﬁrst law of thermodynamics states that there exists a state function called the internal energy (Ziegler, 1977; Collins
and Houlsby, 1997), such that:Fig. 1. Test result curves of frozen saline sandy soil with salt content 2.5% under various conﬁning pressures.
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where U, qi, sij, and εij are internal energy in unit volume, heat ﬂow vector, stress tensor, and strain tensor, respectively.
When the deformation of material is irreversible, the internal dissipation rate _f satisﬁes the ClausiuseDuham inequality of
the second law of thermodynamics, which is expressed as:
_f ¼ T _si ¼ Tð _s _srÞ ¼ T _s

 qk;k þ qk
T;k
T

 0 (3)
where _si is internal entropy ratewhen thematerial deformation is irreversible; _sr is external entropy rate and _sr ¼ grad

qk
T

;
_s is system entropy generation rate; T is absolute temperature.
Substituting Eq. (2) into Eq. (3), we obtain:
_f ¼ sij _εij 

_U  T _s

 qk
T;k
T
 0 (4)
_ _ _Supposing that j¼ U Ts is the (Helmholtz) free energy of unit mass, then, we have j ¼ U  T _s sT . Based on Eq. (4), the
following formula can be obtained:
_f ¼ sij _εij 

_jþ s _T

 qk
T;k
T
 0 (5)3.2. Thermodynamics basic equations
If the continuum element undergoes isothermal condition and irreversible deformation process, the inﬂuence of tem-
perature on the dissipation function can be omitted, i.e., _T ¼ 0 and T,k ¼ 0 in Eq. (5). Based on the conventional triaxial fast
shear test, the deformation of frozen soil is mainly elasticeplastic deformation, and the inﬂuence of loading rate on me-
chanical properties cannot be taken into account. Therefore, the visco-plastic characteristics are not considered in the
deformation of the material in this study. For the elasto-plastic problem of rate-independent materials in isothermal con-
dition, the elasto-plastic constitutive relation can be expressed by incremental forms. The incremental constitutive laws can
be established based on the thermodynamics theory (Collins and Houlsby, 1997; Collins and Kelly, 2002). The incremental
work done by the applied stresses is the sum of the increment in the free energy function, j, and the increment in the
dissipation function, f. Both functions are deﬁned in per unit volume. Here, based on the above conditions and simplifying Eq.
(5), the incremental work-energy function can be expressed as (Collins and Hidder, 2002; Collins and Kelly, 2002):
sijdεij ¼ djþ df; where df  0 (6)
where sijdεij, dj and df are incremental work, differential of the free energy and dissipation potential increment in unit
volume, respectively. The total strain tensor εij can be expressed as εij ¼ εeij þ εpij, so we have dεij ¼ dεeij þ dε
p
ij. For the non-
coupled elastic material, the instantaneous elastic modulus is independent on the internal variables. Based on the energy
decomposition principle, the free energy in unit volume can be expressed as (Collins and Houlsby, 1997, Collins and Kelly,
2002; Ulm and Coussy, 2003):
j

ε
e
ij; ε
p
ij

¼ je

ε
e
ij

þ jp

ε
p
ij

(7)
where jeðεeijÞ and jpðε
p
ijÞ are elastic free energy and plastic free energy in unit volume, respectively. The differential of the freeenergy is given by:
dj ¼ vj
e
vεeij
dεeij þ
vjp
vε
p
ij
dεpij (8)From Eqs. (6) and (8), the following formula can be obtained: 
sij 
vje
vεeij
!
dεeij þ sijdεpij 
vjp
vε
p
ij
dεpij  df ¼ 0 (9)The dissipation incremental function df is not a state function, because it only depends on the plastic strain increment. It
cannot depend on the total strain increment since a purely elastic deformation would not produce dissipation. For energy
dissipation of elasto-plastic deformation process in the rate independent case, the increment of dissipation function df is
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homogeneous function, the following formula can be obtained:
df ¼ vðdfÞ
v

dεpij
 dεpij (10)
pIt is supposed that the internal variables εij are “generalized displacements” in thermodynamics, and the “generalized
force”, conjugated work of “generalized displacements”, is vðdfÞ
vðdεpijÞ
, which can be called dissipative stress (Ziegler, 1983; Ziegler
and Wehrli, 1987). In dissipation stress space, the dissipation yield condition can be obtained by eliminating the component
dεpij.
Substituting Eq. (10) into Eq. (9), we have:
 
sij 
vje
vεeij
!
dεeij þ
2
4sij  vjp
vε
p
ij
 vðdfÞ
v

dεpij

3
5dεpij ¼ 0 (11)
e pIn any process of loading under isothermal condition, for any dεij and dεij, whilst Eq. (11) is satisﬁed if:
sij ¼
vje
vεeij
(12a)
andsij ¼
vjp
vε
p
ij
þ vðdfÞ
v

dεpij
; where df  0 (12b)For isothermal condition, the relationships between the stress components and the free energy as well as dissipation
potential, Eqs. (12a) and (12b), are deduced from the ﬁrst law and the second law of thermodynamics. If the soil does not
yield, only the elastic deformation appears, then df ¼ 0, the relationship between stress components and free energy can be
expressed by Eq. (12a). In contrast, if the frozen soil generates plastic (or irreversible) deformation, then df > 0, Eqs. (12a) and
(12b)must be satisﬁed simultaneously during the process of loading. Eq. (12a) denotes the elastic part of constitutive law. And
in Eq. (12b), vj
p
vεpij
is called as shift stress, and vðdfÞ
vðdεpijÞ
dissipation stress. Eq. (12b) demonstrates that the true stress is equal to shift
stress plus dissipation stress (Collins and Hilder, 2002), and it illustrates that the relationship between stress components and
the plastic free energy as well as dissipation potential under plastic state.
According to the work-energy theorem, the external work increment of geomaterial under the isothermal condition is
expressed as dU ¼ sijdεij. Thus, whilst the plastic work increment is the product of the true stress with the plastic strain
increment, the plastic dissipation increment is the product of the dissipative stress with the plastic strain increment. And the
total plastic work increment contains the plastic dissipation increment and plastic free energy increment. Thus, the external
work increment is also expressed as:
dU ¼ sijdεij ¼
vje
vεeij
dεeij þ
vjp
vε
p
ij
dεpij þ
vðdfÞ
v

dεpij
 dεpij (13)The second law of thermodynamics requires the dissipation increment df 0, but it does not restrict the increment of shift
work vj
p
vεpij
dεpij , which can be positive or negative. During the process of loading, if the stress state is only elastic, or the current
stress state is in elastic unloading, the deformation is elastic and there is no energy dissipation. Then, the free energy is elastic
free energy, and its relation with the stress components is described by Eq. (12a). If an irreversible deformation occurs in the
current stress state, the relationships between the stress components and free energy aswell as dissipationpotential should be
described by Eqs. (12a) and (12b) simultaneously, and then the dissipation increment df is always larger than or equal to zero.
For multi-yield-surface elasto-plastic problem, the total strain and total strain increment are given by:
εij ¼ εeij þ
Xn
k¼1
ε
pk
ij ; dεij ¼ dεeij þ
Xn
k¼1
dεpkij (14)
where εeij and dε
e
ij are elastic strain and elastic strain increment, respectively; ε
pk
ij and dε
pk
ij (k ¼ 1,2,…,n representing the k-th
yield surface) are inelastic strain and inelastic strain increment, respectively.
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For the elasto-plastic constitutive relation of frozen saline soil, according to the continuum mechanics theory, the total
strain of frozen saline soil can be decomposed into elastic strain and plastic strain, such as Eq. (14). For the deformation of
geomaterial, the volumetric and shear strain components are considered. The thermodynamics results in the principal stress
space in Section 3 can be deduced to those in the peq plane. In Section 4.1, the determination methods of elastic deformation
law and elastic parameters are investigated by isotropic compression loading-unloading-reloading tests and triaxial shear
loading-unloading-reloading tests for frozen saline sandy soil. According to the concept of critical state line, the characteristic
of critical state of frozen saline sandy soil is studied in the Section 4.2.
The deformation behaviors of soils are usually identiﬁed by two basic plastic ﬂow mechanisms: one is related to plastic
shear, and the other to plastic volumetric compression (Xie and Shao, 2006). In the Section 4.3, the double yield surface
constitutive model is used to study the plastic volumetric compression and shear mechanisms. In the following section, the
stress state and deformation law of the frozen soil will be described by the variables in the peq plane, i.e., the generalized
stresses p and q and the corresponding generalized strains εv; εg; εev ; ε
e
g; ε
p
v and ε
p
g.
4.1. Elastic deformation
In the sample preparation, water and salt were uniformly distributed in the soils, so the samples of salt soil are uniform.
The soil specimens were placed in a refrigeration unit and frozen quickly at a temperature below 30 C, to ensure the
uniform distribution of ice crystals and salt in the frozen soils. Under the condition of small elastic deformation, in this paper,
in order to reduce the model parameters, the isotropic elastic stressestrain relationship is used in the proposed model by
referencing the general practice of the anisotropic elasticeplastic constitutivemodel for rotational yield surface in the present
studies (Wheeler et al., 2003; Yin and Chang, 2010; Liu et al., 2013). Based on the test results of isotropic compression loading-
unloading-reloading tests, triaxial shear loading-unloading-reloading tests and conventional triaxial tests, we studied elasto-
plastic deformation mechanism of the frozen saline sandy soil under the loading condition of constant axial strain rate. In the
part of elastic deformation, there is only elastic free energy jeðεeÞ produced within materials, so that the dissipation function
does not exist in the elastic deformation, which has been described in the Section 3. By using the related test results and
combining with elastic free energy function, the elastic strain increment and the elastic strain can be calculated. For the
elasto-plastic decoupling material, a purely elastic deformation would not produce dissipation.
The elastic part of constitutive law Eq. (12a) only relates to elastic free energy, and the following differential expression can
be given:
dsij ¼
v2je
vεeijvε
e
kl
dεekl (15a)Under the hypothesis that the elastic behavior is isotropic and independent on the third invariant, in peq plane of general
stress space, Eq. (15a) can be rewritten as:
dp ¼ v
2je
v

ε
e
v
2 dεev and dq ¼ v
2je
v

ε
e
g
2 dεeg (15b)
e eAs long as the formulation of elastic free energy in unit volume expression j (ε ) is obtained, based on Eq. (15b), the
stressestrain relationship of material can be calculated from elastic free energy. In other words, the free energy also char-
acterizes the elastic parameters. In peq plane, the two main elastic parameters, bulk modulus K and shear modulus G, can be
obtained by test methods. In general, the bulk modulus K can be determined by the isotropic loading-unloading-reloading
compression test, and the shear modulus G by the loading-unloading -reloading triaxial shear test.
(1) The determination of bulk modulus K
In the study of nonlinear elastic model, according to the DomaschukeVilliappanmethod of KeGmodel (Li, 2004), the bulk
modulus can be obtained by the isotropic compression test (q¼ 0), the bulkmodulus is obtained by K¼ dp/dεv, then K¼ pad(p/
pa)/dεv ¼ pd[ln(p/pa)]/dεv. pa is atmospheric pressure. In the isotropic compression tests with loadingeunloadingereloading
cycles, ﬁve different stress levels were used to investigate the inﬂuence of conﬁning pressures (or stress levels) on bulk
modulus of frozen sandy soil. Based on the research by Lai et al. (2014), in isotropic compression tests the loading and
unloading rate of 0.1 MPa/min was used. When the conﬁning pressure reaches the preset value, it begins to unloading to
0.5 MPa, and reloading at the next set conﬁning pressure value at the same loading rate after unloading. Based on the results
of loading-unloading-reloading isotropic compressive tests under different pressures, the ln(p/pa) εv curve can be described
in Fig. 2. From Fig. 2, the closed-hysteresis loops can be seen clearly. Supposing kv¼ d[ln(p/pa)]/dεv, its physical meaning is that
kv is chosen as the slope of the unloading curve or the connecting line of the hysteretic loop ends, that is to say, it is the ratio K/
0 1 2 3 4 5
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
S%=2.5%
Volumetric strain ε  / %
ln
(p
/p
)
Δε
Δ[ln(p/p )]
Fig. 2. Isotropic compression loadingeunloading-reloading test curve when salt content 2.5%.
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seen as elastic deformation when the volumetric strain is smaller than 0.5%, i.e., the total strain is taken as the elastic strain,
Dεv ¼ Dεev . From each kv and the unloading compression pressure, the bulk modulus K can be obtained by:
K ¼ pD½lnðp=paÞ=Dεev ¼ p kv (16)By averaging the results of several tests, the bulk modulus K is determined by the test results. During each conventional
triaxial test, the conﬁning pressure s3 is expressed by sc and treated as a constant. According to the results of isotropic
compression test (at this situation, q¼ 0, the hydrostatic pressure p is equal to sc), the relationship between the bulk modulus
K and conﬁning pressure sc, shown in Fig. 3, can be expressed by
K ¼ Kppa exp

n

sc
pa
	
(17)
where pa is atmospheric pressure, pa ¼ 0.10133 MPa, and Kp and n are material parameters relating to salt contents,
Kp ¼ 1441.7exp(0.5161S); n ¼ 0.008S2 þ 0.006S þ 0.0301, in which S% is the mass fraction of anhydrous Na2SO4.
In the process of conventional triaxial loading test, for a speciﬁc compression pressure sc and in interval Dp, the bulk
modulus K given by Eq. (17) is approximately taken as constant. When Eq. (17) is substituted into K ¼ dp=dεev , the elastic
volumetric strain increment dεev can be given by:
dεev ¼
dp
Kppa exp

n

sc
pa
	 (18)From Eqs. (15b) and (18), we can obtain:Fig. 3. Bulk modulus changes of frozen saline sandy soil with different salt contents versus the conﬁning pressures.
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v

ε
e
v
2 ¼ Kppa exp

n

sc
pa
	
(19)(2) The determination of shear modulus G
In order to obtain the shear modulus, the loading-unloading-reloading triaxial shear tests under different conﬁning
pressures were carried out. In the process of test, loading, unloading and reloading rates were equal to the loading rate of
conventional triaxial tests _εa ¼ 1:67 104s1 which is mentioned above. When the shear stress reached 70% shear strength
of the samples in the process of loading, the unloadingwas applied until the shear stress was equal to 0.3MPa. After that time,
another reloading was carried out. And the q  εg curve can be obtained by the loading-unloading-reloading triaxial shear
tests, shown in Fig. 4. Because the unloading deformation is elastic, the shear modulus G can be deﬁned by G ¼ dq=ð3dεegÞ.
Fifteen loading-unloading-reloading triaxial shear tests under ﬁve group conﬁning pressures were carried out. From each
hysteretic loop, the shear modulus value can be got. Finally, the shear modulus G under the different conﬁning pressures can
be obtained by calculating the average values under each conﬁning pressure. The relationships between shear modulus G and
conﬁning pressure sc are shown in Fig. 5 and the relational function of G  sc is expressed by:
G ¼ pa

ag ln

sc
pa

þ bg
	
(20)
2By ﬁtting the G  sc curve, the material parameters ag and bg can be obtained as: ag ¼ 260.78S þ 1151.5S  311.08;
bg ¼ 675.63S2  2377.27S  5010.03, where S% is the mass percent of anhydrous Na2SO4.
From the deﬁnition expression of G and Eq. (20), the elastic shear strain increment dεeg can be obtained by:
dεeg ¼
dq
3pa

ag ln

sc
pa

þ bg
	 (21)From Eqs. (15b) and (21), we can obtain:
v2je
v

ε
e
g
2 ¼ 3pa

ag ln

sc
pa

þ bg
	
(22)
e eBy integrating Eqs. (19) and (22) together with the condition j jt¼0 ¼ 0 and j jεe¼0 ¼ 0 (the reason is that at initial time
the elastic strain is equal to zero), under the hypothesis that sc is seen to be a constant for every conﬁning pressure, the elastic
free energy in unit volume je can be calculated as follows:
je ¼ 1
2
Kppa exp

n

sc
pa
	
ε
e
v
2 þ 3
2
pa

ag ln

sc
pa

þ bg
	
ε
e
g
2
(23)
where Kp, n, ag and bg are material parameters related to salt content S.0 1 2 3 4 5 6
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Fig. 4. Triaxial shear loading-unloading-reloading test curve.
Fig. 5. Shear modulus changes versus the conﬁning pressures for frozen saline sandy soil with different salt contents.
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For the elastio-plastic model, the response of a material to loads is eventually tended towards an ultimate condition in
which plastic shearing could continue indeﬁnitely without changes in volume or effective stresses. This condition of perfect
plasticity has become known as a critical state (David, 1990). For the soils and other granular materials, if continuously
distorted until they ﬂow as a frictional ﬂuid, the CSL is determined by qf ¼ Mp (Roscoe and Burland, 1968) in critical state,
where M and qf are critical stress ratio and critical generalized shear stress, respectively. During the process of loading, the
stress ratio h does not exceed the critical stress ratioM, i.e. h¼ q/pM (Schoﬁeld andWroth, 1968). Because there are tensile
properties of frozen saline soil, the CSL of frozen saline soil is different from that of other nature soils. Since frozen saline
sandy soil containswater and salt, the non-adhesive characteristics of the sandy soil will be changed by the bonding of ice, salt
crystal and soil particles at low temperature. Nguyen et al. (2014) proposed that the CSL of the cemented clay eventually
reduced to an asymptote coinciding with the CSL of natural clay.
Fig. 6 illustrates that the CSLs of frozen saline sandy soil, obtained by conventional triaxial compression tests, are nonlinear
curves and approximately straight lines under low conﬁning pressures, and the slope of the straight line is called as initial
critical stress ratio M0. Since there pressure melting exists, the adhesive force of frozen saline sandy soil and the stress ratio
decrease gradually, and the CSL is gradually bended downward with the increase of hydrostatic pressure. Therefore, if the
pressure melting is not considered, the critical state line of frozen saline soil is the same as that of cemented clay.
The CSLs are approximately linear under low conﬁning pressure, but the slopes of the CSLs are similar for frozen saline
sandy soil with different salt contents. If the conﬁning pressures exceed a certain value, the effect of salinity on its CSL is
signiﬁcant. Based on the Critical State Soil Mechanics and Modiﬁed Cam Clay model (MCC), the CSL variation law of frozen
saline sandy soil is studied by mean effective stress degradation equations. For conventional triaxial test, the CSLs are shown
in Fig. 6, and the mean effective stress is deﬁned by:
p* ¼ pþ pt (24)Fig. 6. Test values and ﬁtting curves of CSL for conventional triaxial test by different salt contents.
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1 p
Bl

exp

p
Bl

(25)
where pt is a function of hydrostatic pressure, describing the increment of mean effective stress; Cl is a intercept of CSL in peq
plane. It stands for the cohesion between soil particles due to ice and salt crystal precipitation during freezing process
(Nguyen et al., 2014). M0 is the initial critical stress ratio, describing the critical stress ratio of initial stage loading in the
conventional triaxial compression test. Besides, the parameter M0 is a function of temperatures and salt contents for frozen
saline soil. The parameter Bl is related to pressure melting characteristics, which reﬂects q increase slowly, invariability or
decrease with the increase of hydrostatic pressure p in CSL, respectively.
Based on theModiﬁed CamClaymodel (MCC) (Roscoe and Burland,1968), the CSL envelope function of frozen saline sandy
soil can be expressed by qf ¼ M0p* ¼ M0(p þ pt), and the following formula can be obtained:
qf ¼ M0pþ Cl

1 p
Bl

exp

p
Bl

(26)In peq plane, the CSL is strength envelope line. If Cl ¼ 0, it means that there is no cohesion between the soil particles, the
strength envelope line is changed into critical state line of Modiﬁed Cam Clay model (MCC). The CSLs, shown in Fig. 6, are
obtained from the results of conventional triaxial compression test, and their ﬁtting parameters are given in Table 2.
4.3. The plastic mechanism for frozen saline sandy soil
Generally, the plastic deformation behavior of geomaterial can be identiﬁed by two basic plastic ﬂowmechanisms: plastic
volumetric compression mechanism and plastic shearing mechanism (Peric and Ayari, 2002; Xie and Shao, 2006). In this
study, we use k ¼ 1 and k ¼ 2 to express the plastic volumetric compression mechanism and plastic shearing mechanism for
frozen saline sandy soil, respectively. Under plastic volumetric compressionmechanism, the plastic volumetric deformation is
calculated by the hydrostatic pressure in the principal stress space or/and by the mean normal stress in peq plane,
respectively. However, under plastic shear mechanism, the plastic shear deformation is reﬂected by the deviator stress in
principal stress space or/and general shear stress in peq plane, respectively. Therefore, the compression and shear yield
mechanisms are used in the plastic analyses.
(1) The plastic deformation of volumetric compressive mechanism
The plastic energy dissipation in unit volume is related to plastic strain, based on the thermodynamics theory, referring to
the dissipation increment function of anisotropy model presented by Collins and Kelly (2002), it for frozen saline sandy soil
can be improved as:
df1 ¼

A

dεp1v þ adεp1g
2 þ Bdεp1g 2
	1=2
(27)
where A and B are functions of hydrostatic pressure variable (i.e. p and p0). The parameter p0 is the hydrostatic pressure of the
intersection between yield surface rotational axis and yield surface in peq plane shown in Fig. 7(b). The parameter a is
rotational angle of yield surface and anticlockwise rotation is deﬁned as positive.
The proposed model, in Eq. (26), is changed into Modiﬁed Cam Clay model (MCC) when Cl is equal to zero and the cor-
responding yield surface schematic diagram is shown in Fig. 7(a). The parameter px, shown in Fig. 7(a), is hydrostatic pressure
value of intersection between the initial yield surface and MCC. Then the expression r ¼ p0/px ¼ 2 can be got, where the
parameter r is called as spacing ratio (Yu,1998). Generally speaking, different materials have different values of the parameter
r. From the test results of frozen saline sandy soil, it can be found that the value of parameter r ranges from 1.0 to 2.0.
When the loading condition is isotropic compression for geomaterials, Collins and Hilder (2002) proposed that the
dissipation incremental function of volumetric plastic deformation, based on Modiﬁed Cam Clay model (MCC), can be
expressed as df ¼ ½ð1 2=rÞpþ px


dεpv 

. In this paper, considering the characteristic of pressure melting and initial anisot-
ropy, taking modiﬁed mean effective stress p* as hydrostatic pressure, and assuming A ¼ ½ð1 2=rÞp* þ p0x2 and B ¼ ðM0p0xÞ2,Table 2
The relationship between CSL parameters and salt contents.
Salt (S%) 0.0% 0.5% 1.5% 2.5%
M0 1.0934 1.2032 1.2268 1.2777
Bl 18.112 15.419 17.869 19.570
Cl 5.6140 4.8022 5.5427 5.7303
Fig. 7. Yield surface schematic diagrams: (a) Modiﬁed Cam Clay model, (b) The proposed model of this paper for initial anisotropy.
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consolidation pressure is expressed by:
p*0 ¼ p0 þ pt (28)From Eq. (27), the dissipation stresses can be given by the following formulae:
p0 ¼ vðdf1Þ
v

dεp1v
 ¼ A

dεp1v þ adεp1g

df1
(29a)
vðdf1Þ A

dεp1v þ adεp1g

aþ Bdεp1gt0 ¼
v

dεp1g
 ¼
df1
(29b)Under the plastic volumetric compression mechanism, the plastic free energy increment in unit volume can be expressed
as:
djp1 ¼ p0x

dεp1v þ adεp1g

(30)From Eqs. (29) and (30), in the true stress space we have:
p* ¼ vj
p1
vε
p1
v
þ vðdf1Þ
v

dεp1v
 ¼ p0x þ A

dεp1v þ adεp1g

df1
(31a)
vjp1 vðdf Þ Aa

dεp1v þ adεp1g
þ Bdεp1gq ¼
vε
p1
g
þ 1
v

dεp1g
 ¼ ap0x þ df1 (31b)
From Eq. (31a), we can obtain:
p0 ¼ p*  p0x ¼
A

dεp1v þ adεp1g

df1
(32)From Eqs. (29) and (31), we have:
t0  p0a ¼ q ap* ¼ Bdε
p1
g
df1
(33)Substituting Eq. (27) into Eqs. (32) and (33), according to the determination method of yield condition proposed by Collins
and Hilder (2002), the yield condition in dissipative stress space can be given by:
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B
þ ðp
0Þ2
A
¼ 1 (34a)Eq. (34a) is yield surface function in dissipative stress space. If a ¼ 0, the yield surface function is expressed by a standard
elliptical yield surface in dissipative stress space (p
0  t0), otherwise a sloping ellipse yield surface whose rotational angle is a
in dissipative stress space. Substituting Eqs. (32) and (33), A ¼ ½ð1 2=rÞp* þ p0x2 and B ¼ ðM0p0xÞ2 (where p0x ¼ p*0=r) into Eq.
(34a), the yield function of anisotropic rotational hardening in true stress space can be obtained by:

q ap*
M0p0x
2
þ

p*  p0x
ð1 2=rÞp* þ p0x
	2
¼ 1 (34b)Using themethod of determining the CSL envelope, the yield surface of frozen saline sandy soil can be obtained by letting r
be equal to 2 in Eq. (34b). Thus, the initial yield surface function is deﬁned by:
f1 initial ¼

q ap*2 M20p*p*0  p* ¼ 0 (35)Supposing that the hardening parameter is p*m, in the initial yield surface p
*
m ¼ p*0, thus, the loading yield surface function
can be obtained as follows:
f1 ¼

q ap*2 M20p*p*m  p* ¼ 0 (36)If pt ¼ 0 in Eq. (24) and a ¼ 0, then Eq. (36) becomes loading yield surface function of Modiﬁed Cam Clay model (MCC).
Referencing the methods proposed by Huang et al. (1981), the plastic ﬂow direction vectors can be calculated by subtracting
the elastic stain from the total strain based on the conventional triaxial test results, and they are drawn in Fig. 8. From Fig. 8, it
can be found that the plastic ﬂow directions of frozen saline sandy soil are not vertical to the yield surface when Eq. (36) is
chosen as the yield function (i.e. the curve of r ¼ 2 in Fig. 8). Therefore, the non-associated ﬂow rule is employed to solve the
deformation problem of frozen saline sandy soil (for example, the curve of r ¼ 1.5 in Fig. 8).
By taking plastic potential function similar to yield surface function and substituting p0x ¼ p*m=r into Eq. (34b), the
different plastic potential surfaces can be obtained from different spacing ratio values, and the plastic potential function is
given by:
g1 ¼

q ap*
M0p0x
2
þ

p*  p0x
ð1 2=rÞp* þ p0x
	2
 1 ¼ 0 (37)Based on a series of test results, the plastic potential function can better describe the plastic ﬂowwhen the spacing ratio r
is equal to 1.5 in Eq. (37), which is applicable to the non-associated ﬂow rule.
Since unloading swelling of isotropic compression tends to a line in double logarithm space, mobile hardening law
associating to plastic volumetric strain under plastic compressive mechanism can be obtain by:Fig. 8. Plastic ﬂow directions and potential surfaces of compressive mechanism when salt content 2.5% and s3 ¼ 16 MPa.
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
ε
p1
v
 ¼ ðp0 þ ptÞexp
 
ε
p1
v
cp
!
(38)
where cp is material parameter. The initial yield surface is determinedwhen completing isotropic consolidation of the sample,
here p*m ¼ p*0. Because there is not dilatancy in the loading hardening process of plastic volumetric compressive mechanism,
the differential of mobile hardening is expressed as:
dp*m ¼
p*m
cp
< dεp1v > (39)
where < > are Macaulay brackets, which indicates that <dεp1v > ¼ ð


dεp1v 

þ dεp1v Þ=2.
Under the plastic volumetric compression mechanism, we suppose that only plastic volumetric strain inﬂuences the
rotational angle of yield surface. In other words, the rotational angle a is only a function of εp1v . During the process of loading,
the rotational angle will gradually increase to a maximum value, but it no longer increases until the specimen failure.
Referring to the rotational hardening law proposed by Wheeler et al. (2003), if we consider only the effect of plastic volu-
metric strain, the rotational hardening formula can be presented by:
da ¼ ðu aÞb< dεp1v > (40)
where u and b are maximum yield surface rotational angle and material parameter of rotating speed under the action of
loading, respectively. The parameters u, a, and a0 are shown in Fig. 9 and the parameter a0 is initial rotational angle of yield
surface, which could be positive or negative. Its value is different for different soils (Wheeler et al., 2003).
In this model, parameters p*m and a are hardening variables under compressive mechanism, which reﬂect the changes of
modiﬁed hydrostatic pressure in the processes of loading and rotation of the yield surface, respectively. When a ¼ u, the
rotational angle of yield surface gets to maximum and the rotational angle increment da ¼ 0.
(2) The plastic deformation of shear mechanism
For plastic deformation under plastic shear mechanism, when the stress level reaches the initial shear yield surface,
materials appear shear plastic ﬂow during the process of loading. The plastic dissipation increment function under shear
mechanism is assumed as:
df2 ¼

A0

dεp2v
2 þ B0dεp2g 2
	1=2
(41)In this study, we suppose the parameter A
0 ¼ r(p  r) and B0 ¼ (M0r)2, where r is shift stress. Under the plastic shear
mechanism, the plastic shear strain increment is much larger than the plastic volumetric strain increment, so df2  0 can be
ensured. Thus, the plastic free energy increment in unit volume under plastic shear mechanism is deﬁned by:Fig. 9. Conceptual diagram of yield surface and rotational hardening law.
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p r
r
þ

q
M0r
2
¼ 1 (43a)From Eq. (43a), the initial shear yield surface can be given by:
f2 initial ¼ q2 þM20rðp 2rÞ ¼ 0 (43b)If the rotational hardening parameter q only relates to plastic shear strain, we suppose r ¼ 12 ClM0 and substitute it into Eq.
(43b), and then, the parabolic yield surface equation is obtained as:
f2 ¼ q2 
1
2
qM0Cl

pþ Cl
M0

¼ 0 (44)The test results and the ﬁtted shear rotational yield surface are shown in Fig. 10, respectively.
The rotational hardening parameter q is a function of plastic shear strain, q ¼ qðεp2g Þ. The rotational hardening increment is
given by:
dq ¼ dq

ε
p2
g

dεp2g
dεp2g (45)According to the conventional triaxial shear test results of frozen saline sandy soil, the plastic potential function is
expressed as:
g2 ¼ q2 
1
2
ksqM0Cl

pþ Cl
M0

¼ 0 (46)
where ks is material parameter.
4.4. The constitutive relations of frozen saline sandy soil
The plastic deformation mechanism of frozen saline sandy soil is decomposed into that of the compression mechanism
and the shear mechanism. The total strain increment is the sum of the elastic strain increment and the plastic strain
increment. From the theory analyses in Sections 4.3, when r¼ 2 and ks¼ 1, at this situationwe havef1¼ g1 and f2¼ g2, i.e., the
ﬂow law is associated. However, generally speaking, the non-associated ﬂow rule is more suitable for geotechnical materials.
According to the test result analyses of the frozen saline soil, the stressestrain relationship of frozen saline sandy soil is still
not described well by a double yield surface model with the associated ﬂow rule, because its deformation forms are dilatancy-10 -5 0 5 10 15 20 25
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Fig. 10. Shear rotational yield surface when salt content 2.5%.
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soil should be non-associated, and the spacing ratio r is equal to 1.5.
The ﬂow rule for each loading mechanism can be expressed as:
dεp1ij ¼ dl1
vg1
vsij
and dεp2ij ¼ dl2
vg2
vsij
(47)
where dl1 and dl2 are plastic multipliers of plastic volumetric compression mechanism and plastic shear mechanism,
respectively.
From Eqs. (36) and (44), the consistency conditions of plastic volumetric compression mechanism and plastic shear
mechanism can be given by:
df1 ¼
vf1
vsij
dsij þ
vf1
vp*m
vp*m
vε
p1
ij
dεp1ij þ
vf1
va
va
vε
p1
ij
dεp1ij ¼ 0 (48)
vf2 vf2 vq p2df2 ¼ vsij
dsij þ vq vεp2ij
dεij ¼ 0 (49)Substituting Eqs. (48) and (49) into Eq. (47), in peq plane we have:
dl1 ¼
1
A1

vf1
vp
dpþ vf1
vq
dq

; dl2 ¼
1
A2

vf2
vp
dpþ vf2
vq
dq

(50)where:
A1 ¼ 
(
vf1
vp*m
vp*m
vε
p1
ij
þ vf1
va
va
vε
p1
ij
)T(
vg1
vsij
)
(51)
( )T( )
A2 ¼ 
vf2
vq
vq
vε
p2
ij
vg2
vsij
(52)During a general loading history, the plastic volumetric compression mechanism and plastic shear mechanism can be
activated either separately or simultaneously. Four distinct constitutive domains can be identiﬁed as follows:
1) If f1 < 0, f2 < 0, the stress state of the frozen soil sample is fully inside the elastic domain during the process of loading and
only elastic deformation occurs dεij ¼ dεeij, or leads to an elastic unloading due to external conditions. At this situation, no
plastic ﬂow occurs and therefore dl1 ¼ dl2 ¼ 0 in Eq. (50), namely dεpij ¼ 0.
2) If f1 ¼ 0, df1 ¼ 0 but f2 < 0 or f2 ¼ 0, df2 < 0. The plastic volumetric compression mechanism is activated while the plastic
shear mechanism does not appear. Then, the plastic multiplier dl1 > 0 is determined by Eq. (50a) and dl2 ¼ 0. At this
situation, the plastic strain increment can be expressed as dεpij ¼ dε
p1
ij .
3) On the contrary, if f2 ¼ 0, df2 ¼ 0 but f1 < 0 or f1 ¼ 0, df1 < 0. The plastic shear mechanism is activated while the plastic
volumetric compression mechanism is not generated. Then, the plastic multiplier dl2 > 0 is determined by Eq. (50b) and
dl1 ¼ 0. At this situation, the plastic strain increment can be expressed as dεpij ¼ dε
p2
ij .
4) For a general plastic stress state, if f1¼0, df1¼0 and f2¼ 0, df2¼ 0, both of the plastic mechanisms are activated. The plastic
multipliers dl1 > 0 and dl2 > 0 can be determined by Eq. (50) (a and b), respectively. At this situation, the plastic strain
increment can be expressed as dεpij ¼ dε
p1
ij þ dε
p2
ij .
Based on the four distinct constitutive domains mentioned above, the detail strain increment expression of Eq. (14) can be
deduced by the following methods.
Under the plastic volumetric compression mechanism, from Eq. (36), the plastic parameters in peq plane can be given by:
vf1
vp*
¼ 2aq ap*M20p*m þ 2M20p* (53)
dp* Cl p

p
dp
¼ 1
M0 B2l
exp
Bl
(54)
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vp*m
¼ M20p* (55)
dp*m Cl p

p
dp
¼ 
M0 B2l
exp
Bl
(56)
vf vf dp* vf dp*
"
C p

p
#h   i1
vp
¼ 1
vp* dp
þ 1
vp*m
m
dp
¼ 1 l
M0 B2l
exp
Bl
 2a q ap* M20p*m þM20p* þM20p* (57)
vf1  *
vq
¼ 2 q ap (58)
vf1 * *
va
¼ 2p q ap (59)From plastic potential function Eq. (37), we obtain:
vg1
vp*
¼ 2

p*  p0x
ð2 2=rÞp0x
p0x þ ð1 2=rÞp*
3  2a

q ap*
M0p0x
2 (60)
vg 2

p*  p0 ð2 2=rÞp* 2q ap*21
vp0x
¼  x
p0x þ ð1 2=rÞp*
3  M20p0x3 (61)
dp0x 1 dp*m 1 Cl p

p
dp
¼
r dp
¼ 
r M0 B2l
exp
Bl
(62)
vg1 vg1 dp* vg1 dp0x
vp
¼
vp* dp
þ
vp0x dp
(63)
vg1 2

q ap*vq
¼ 
M0p0x
2 (64)Substituting Eqs. (39), (40), (55), (59), (63) and (64) into Eq. (51), we can obtain:
A1 ¼ 

M20p
*p
*
m
cp
þ 2ðu aÞbp*q ap*	 <dεp1v >
dεp1v
vg1
vp
(65)The hardening modulus A1 has two hardening parameters ε
p1
v and a. For plastic volumetric compression mechanism, the
inﬂuence of deviator stress is not taken into account, and when the volumetric strain increases gradually, the deformation is
strain hardening. Thus, the ﬁrst two parts of Eq. (65) is no-vanishing. The plastic potential surface corresponding to initial
yield surface in p-q plane is shown in Fig. 8. If the A1 is vanishing, which means frozen soil under volumetric compression
critical state, the plastic volumetric strain increment dεp1v /0 under plastic volumetric compression mechanism.
Substituting Eqs. (53)e(65) into Eqs. (47), (50) and (51), the sub-plastic strain increment under plastic volumetric
compression mechanism can be given by:

dεp1v
dεp1g

¼ 1
A1
2
6664

vg1
vp*
dp*
dp
þ vg1
vp0x
dp0x
dp

vf1
vp

vg1
vp*
dp*
dp
þ vg1
vp0x
dp0x
dp

vf1
vq
vf1
vp
vg1
vq
vf1
vq
vg1
vq
3
7775

dp
dq

(66)Under plastic shear mechanism, from Eqs. (44) and (46), we obtain:
vf2
vp
¼ 1
2
qM0Cl (67)
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vq
¼ 2q (68)
vf2 1

Cl
vq
¼ 
2
M0Cl pþM0
(69)
vg2 1
vp
¼ 
2
ksqM0Cl (70)
vg2
vq
¼ 2q (71)
Substituting Eqs. (67)e(71) into Eq. (52), we have:A2 ¼
1
2
M0Cl

pþ Cl
M0

dq
dεp2g
2q (72)The expression A2 is hardening modulus under plastic shear mechanism. When the deformation characteristic of frozen
soil is transformed from shrinkage to dilatancy, dq
dε
p2
g
is equal to zero and it is an unstable state. Usually, the corresponding to
point can be avoided in the computer's program calculation by the increment method of the theoretical model. The sample
may be of shrinkage or dilatancy when the value of dq
dε
p2
g
is larger than zero or smaller than zero, respectively. Substituting Eqs.
(67)e(72) into Eqs. (47), (50) and (52), the plastic strain increment under plastic shear mechanism is given by:

dεp2v
dεp2g

¼ 1
A2
2
64
1
4
ksq2M20C
2
l qksqM0Cl
qqM0Cl 4q2
3
75dpdq

(73)Finally, substituting Eqs. (18), (21), (66) and (73) into Eq. (14), the following incremental constitutive relation of frozen
saline sandy soil in peq plane can be derived:
dεv
dεg

¼

C11 C12
C21 C22
	
dp
dq

(74)
where:C11 ¼
1
K
þ 1
A1

vg1
vp*
dp*
dp
þ vg1
vp0x
dp0x
dp

vf1
vp
þ 1
A2
1
4
ksq2M20C
2
l (75a)
1

vg1 dp* vg1 dp0x

vf1 1C12 ¼ A1 vp* dp
þ
vp0x dp vq

A2
qksqM0Cl (75b)
1 vf1 vg1 1C21 ¼ A1 vp vq

A2
qqM0Cl (75c)
1 1 vf1 vg1 1 2C22 ¼ 3Gþ A1 vq vq
þ
A2
4q (75d)The elastic deformation increment can be calculated by Eq. (18) and Eq. (21). The plastic deformations are dominated by
the plastic shear mechanism and plastic volumetric compression mechanism. In this simulation, employing non-associated
rules, the plastic volumetric compression mechanism are simulated by the elliptical yield criterion Eq. (36) and the plastic
potential function Eq. (37), as well as the hardening law Eqs. (38) and (40), while the plastic shear mechanism are described
by the parabolic yield criterion Eq. (44) and the plastic potential function Eq. (46), as well as the hardening law Eq. (45). The
total volumetric and shear strain increments of frozen saline sandy soil can be simulated by Eq. (74).
5. Experimental results used for parameter determination and model validation
In the proposed model, there are 4 parameters in bulk modulus and shear modulus, which are Kp, n, ag and bg, relating to
salt content S. And there are 3 material parameters M0, Bl and Cl in CSL function, which relate to salt content S. Additionally,
there are 8 material parameters in the analyses of hardening laws (i.e., hardening parameters a0, u, b, cp under plastic
volumetric compressionmechanism, and hardening parametersw, as, bs and cs under plastic shear mechanism). From a series
of conventional triaxial test results, the relationship between the model parameters and the conﬁning pressure can be
Y. Lai et al. / International Journal of Plasticity 78 (2016) 84e113102determined. Finally, substituting all the determined parameters into the proposedmodel, and comparing the test results with
the calculated values, the validity of proposed model in this paper can be demonstrated.
5.1. Parameter determination and analyses of proposed model
Among all of the model parameters, the elastic parameters (Kp, n, ag and bg) and the critical state parameters (M0, Bl and Cl)
have been determined in the mentioned above, using the determining method of Lai et al. (2010). In this section, there are 8
parameters, under the process of plastic compression mechanism and plastic shear mechanism in the proposed model, to be
determined by the conventional triaxial test results.
(1) Determining parameters a0, u, b and cp under plastic volumetric compression mechanism
If sample is in volumetric strain hardening stage, the parameter u is deﬁned by:
u ¼ Mf  a0 (76)where Mf is the stress ratio of intersection between stress path and CSL, called as critical stress ratio. a0 is initial rotational
angle of anisotropy, or the slope angle of normal consolidation line (Wheeler et al., 2003; Nakano et al., 2005). Along the
loading path, we can obtainMf by the critical state point (p,qf). The stress ratio h is expressed as h ¼ qpþCl=M0 <Mf  a0, and the
maximum hmax ¼ Mf  a0 is obtained when the rotational angle of yield surface reaches maximum u. At this time, the
increment da is equal to zero. Therefore, we can deduce that a0 < a < u. Based on the mentioned above, the rotational
conceptual diagram is shown in Fig. 9. From the test results of frozen saline sandy soil with salt content 2.5%, u is identiﬁed by:
u ¼ 3:2 105

s3
pa
2
þ 0:0045

s3
pa

þ 0:4204 a0; R2 ¼ 0:973 (77)In this study, the test results of frozen saline sandy soil with salt content 2.5% are taken as an example to analyze the
characteristics of plastic ﬂow. According toModiﬁed Cam Claymodel shown in Fig. 7(a), the plastic ﬂow direction goes along p
axis and the yield surface inclination is zero when generalized shear stress q is equal to zero. From the theory of Collins and
Hilder (2002), the initial inclination of the yield surface is equal to the inclination angle of the normal consolidation line
shown in Fig. 9. Therefore, the yield initial rotational angel a0 can be determined by the intersection angle between the long
axis of initial yield ellipse and p axis. From the plastic ﬂow direction shown in Fig. 8, the initial rotational angle of yield surface
a0 is identiﬁed when generalized shear stress q is equal to zero, and its result is shown in Fig. 11.
From Fig. 11, the relationship between initial rotational angle a0 and conﬁning pressure s3 is obtained as:
a0 ¼ 1:231 105

s3
pa
2
þ 2:816 103s3
pa
 3:3345; R2 ¼ 0:858 (78)Material parameter b in Eq. (40) is a physical quantity of rotating speed. Its rotation rule is shown in Fig. 12. When the
parameter u has been determined, referencing the methods presented by Wheeler et al. (2003), integrating the rotational
hardening rule, given by Eq. (40), can obtain the following formula:0 5 10 15 20
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Fig. 11. Initial rotational angles under different conﬁning pressures when salt content 2.5%.
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Fig. 12. Relationship between rotational angle and volumetric strain with different values of parameter b when salt content 2.5%.
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"
1 expbεp1v  <dεp1v >dεp1v
#
þ a0 (79)During the process of loading, when a increases to approachmaximum amax¼ u, then, we have da/ 0 (Usually choosing a
smaller datum as da, we take 10% as the maximum amount of rotation in this study). Substituting the corresponding εp1v into
Eq. (79), the parameter b can be determined. From the triaxial test results, the parameter b under different conﬁning pres-
sures when salt content 2.5% is shown in Fig. 13, and the b  s3 relationship is expressed as:
b ¼ 0:0331

s3
pa
2
 7:0627 s3
pa
þ 456:2; R2 ¼ 0:937 (80)Based on the test results, the parameter cp in Eqs. (38) and (39) can be determined. Under plastic volumetric compression
mechanism, from Eqs. (24) and (36), the following formula can be derived:
p*m ¼ pþ pt þ
½q aðpþ ptÞ2
M20ðpþ ptÞ
(81)
pThe relationship between hardening parameter p*m and plastic volumetric strain ε
1
v under different conﬁning pressures is
shown in Fig. 14 when salt content 2.5%. From Fig. 14, it is found that the hardening parameter p*m increases exponentially
versus the plastic volumetric strain εp1v .
From the hardening law described by Eq. (39) and Fig. 14, we have:0 50 100 150
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Fig. 13. Parameter b under different conﬁning pressures with salt content 2.5%.
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Fig. 14. Relationship between hardening parameter p*m and plastic volumetric strain ε
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v under different conﬁning pressures and plastic volumetric compression
mechanism when salt content 2.5%.
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
s3
pa
2
þ 7 104s3
pa
 6:7 103; R2 ¼ 0:975 (82)(2) Determination of parameters as, bs, cs and w under plastic shear mechanism
From Eq. (44), the hardening parameter q under plastic shear mechanism can be given by:
q ¼ 2q
2
M0Cl

pþ ClM0
 (83)
p2It is assumed that hardening parameter q is a function of plastic shear strain εg and the hardening law is expressed by Eq.
(84a) (Lai et al., 2010). The relationship between hardening parameter and plastic shear strain of frozen saline sandy soil is
shown in Fig. 15 when salt content is 2.5%. From Eq. (84a), we can obtain Eq. (84b).
q ¼ asε
p2
g
ε
p2
g
2 þ bsεp2g þ cs (84a)
dq as asε
p2
g

2εp2g þ bs

dεp2g
¼ 
ε
p2
g
2 þ bsεp2g þ cs  hεp2g 2 þ bsεp2g þ csi2
(84b)
where as, bs, and cs are material parameters. From the test results shown in Fig. 15, those parameters can be identiﬁed as:as ¼ 2:0657 106

s3
pa
3
 1:08 103

s3
pa
2
þ 0:1703 s3
pa
 1:6475 ; R2 ¼ 0:957 (85a)

s3
3 
s3
2
s3bs ¼ 4:0323 107 pa  1:3494 10
4
pa
þ 1:482 102
pa
 0:1807 ; R2 ¼ 0:946 (85b)

s3
3 
s3
2
s3cs ¼ 7:6762 109 pa  5:0846 10
6
pa
þ 9:578 104
pa
 7:96 103 ; R2 ¼ 0:920 (85c)
p2In shear potential function Eq. (46), the parameter ks is a function of plastic shear strain εg (Lai et al., 2010). The relation
between parameter ks and plastic shear strain ε
p2
g is assumed as:
ks ¼ w
ﬃﬃﬃﬃﬃﬃ
ε
p2
g
q
(86)From the test results of frozen saline sandy soil when salt content 2.5%, the coefﬁcient w can be obtained as:
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Fig. 15. Relationship between hardening parameter and plastic shear strain under plastic shear mechanism when salt content 2.5%.
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
s3
pa
1:406
; R2 ¼ 0:951 (87)So far, all model parameters have been determined in the proposed model. In order to look up easy for readers, they are
summed up in Table 3.
5.2. Experimental results used for model veriﬁcation and analyses
According to a series of constant conﬁning pressure conventional triaxial test results of frozen saline sandy soil under
conﬁning pressures from 0 to 16 MPa, a constitutive model of double yield surfaces for frozen saline sandy soil is established.
From these test results shown Fig. 1, it can be seen that the stressestrain curves of frozen saline sandy soil are signiﬁcantly
sensitive to conﬁning pressures.
In order to check the validity of the proposed constitutive model for frozen saline sandy soil, a calculation program based
on the proposed model Eq. (74) in this paper was formulated by Visual Basic Language. Using the parameters given in sub-
section 5.1 or in Table 3, the total shear strain increment and volumetric strain increment can be calculated by the calculation
program. Finally, the modeling results of frozen saline sandy soil can be obtained by cumulating the total strain increments
calculated by Eq. (74) under various conﬁning pressures. In order to illustrate the rationality of the calculated results better, a
comparison between the test results and calculated results of the proposed model is shown in Fig. 16. The calculated resultsTable 3
Parameters of saline sandy soil model.
Group Parameters Deﬁnitions Determination Value (S% salt content)
Elastic
parameters
Kp Initial bulk modulus Isotropic compression cycle tests Kp ¼ 1441.7exp(0.5161S)
n Bulk modulus coefﬁcient Isotropic compression cycle tests n ¼ 0.008S2 þ 0.006S þ 0.0301
ag Shear modulus coefﬁcient Triaxial shear cycle tests ag ¼ 260.78S2 þ 1151.5S  311.08
bg Shear modulus coefﬁcient Triaxial shear cycle tests bg ¼ 675.63S2  2377.27S  5010.03
Critical State Line
parameters
M0 Maximum initial critical stress
ratio
Conventional triaxial test See Table 2
Bl Pressure melting characteristics
parameter
Conventional triaxial test See Table 2
Cl Cohesion strength of soil particles Conventional triaxial test See Table 2
Compressive
mechanism
parameters
a0 Initial yield surface rotational angle From conventional triaxial test Eq. (78)
u Maximum yield surface
rotational angle
From test data and loading path
(Based on Eq. (76))
Eq. (77)
b Relation to rotating velocity Substituting a0 and u into
Eq. (76)
Eq. (80)
cp Mobile hardening velocity parameter From the hardening law
Eq. (38) and Fig. 14
Eq. (82)
Shear mechanism
parameters
w Plastic potential function parameter From conventional triaxial test Eq. (87)
as Coefﬁcient of hardening parameter q From conventional triaxial test,
Eqs. (83) and (84) (a and b)
Eq. (85a)
bs Coefﬁcient of hardening parameter q From conventional triaxial test,
Eqs. (83), (84a) and (84b)
Eq. (85b)
cs Coefﬁcient of hardening parameter q From conventional triaxial test,
Eqs. (83), (84a) and (84b)
Eq. (85c)
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Fig. 16. The calculated and test results of triaxial compression under different conﬁning pressures.
Y. Lai et al. / International Journal of Plasticity 78 (2016) 84e113106and test results of stressestrain curves of different stress paths, shown in Fig. 17, are employed to verify the universality and
applicability of the proposed model.
From Fig. 16, it is found that the calculated results of deviator stresses versus axial strains, and volumetric strains versus
axial strains under different conﬁning pressures are good agreement with the test results. There is a small error between
the calculated results and the test results when the axial strain is smaller than 5%. The specimen deformation appears
strain softening and shear dilatancy in triaxial tests under low conﬁning pressures (smaller than or equal to 6 MPa), as
shown in Fig. 16(a) and (b). If the conﬁning pressures are larger than 6 MPa, the deformation of frozen saline sandy soil is
not dilatancy but shrinkage until the specimen failure, as shown in Fig. 16(d) and (f). Therefore, the proposed constitutive
model in this paper can describe volumetric dilatancy and shrinkage of frozen saline sandy soil during shear loading
process well.
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Fig. 17. The calculated and test results of triaxial compression under different loading stress paths. (a) constant p path, (b) constant-slope stress path.
Y. Lai et al. / International Journal of Plasticity 78 (2016) 84e113 107Since there is not a true triaxial test apparatus suitable for frozen soil in the world at present. From the mentioned above,
the parameters of the proposed model are validated by the conventional triaxial shear tests (dq/dp ¼ 3). In order to better
illustrate the feasibility of the proposed model, two other path conventional triaxial test results are used to verify the pro-
posedmodel again. The calculated results and test results under the other two kinds of stress paths are shown in Fig. 17. In the
ﬁrst stress path, shown in Fig. 17(a), p is constant (p ¼ 6 MPa). The second path, shown in Fig. 17(b), is constant-slope stress
path of dq/dp ¼ 21 and the isotropic consolidation pressure is 9 MPa. From Fig. 17(a), it is found that the calculated results are
larger than the test results when the axial strain is smaller than 7.2% under the loading stress path of constant p. The dif-
ference between the calculated results and the test results is very small when the axial strain is larger than 7.2%. The model
calculated shear strength and the test value are 8.31 MPa and 8.53 MPa, respectively, and the error between the two results is
2.58%. From Fig. 17(b), it is found that the calculated results and test results of stressestrain curves are strain-hardening
during the loading process under the constant-slope stress path. The calculated results are larger than the test results
when the axial strain is smaller than 12.5%. Usually, when no peak value appears before axial strain is larger than 15%, the
value of deviator stress at axial strain 15% is taken as shear strength, so the model calculated shear strength and the test shear
strength are 12.905 MPa and 13.069 MPa under this loading path, respectively, and the error between them is 1.25% which is
acceptable. Therefore, the proposed model can simulate the stressestrain relationship of frozen saline sandy soil under
different stress paths.
6. Discussions
(1) Based on the mechanics property of cemented clay, Horpibulsuk et al. (2010) proposed Structure Cam Claymodel (SCC)
and gave its numerical simulating results. From their literature (Horpibulsuk et al., 2010), it is seen that the cemented
clay, the mixture of cement and Kaolin clay after curing for 28 days, has certain cohesion. As we can see, for frozen
saline sandy soil, ice crystals, salt crystals, and soil particles are cemented together during the freezing process, so the
frozen saline sandy soil has tensile capacity too. Therefore, these two kinds of materials have similar mechanical
properties for low conﬁning pressure before pressure melting of frozen soil occurs. In order to further study the
applicability of the proposed model in this paper, we simulated the stressestrain relation of the cemented clay by the0 4 8 12 16
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Fig. 18. Comparison between the measured data and the calculated results of SCC model and this model (The measured data after Horpibulsuk et al., 2010, Aw is
the cement content by weight).
Y. Lai et al. / International Journal of Plasticity 78 (2016) 84e113108proposed model. Some model parameters are chosen from the literature (Horpibulsuk et al., 2010) and the rest pa-
rameters are estimated according to the sandy soil mentioned above because the literature does not provide all the
parameters required by this model. From Fig. 18, it is seen that the proposed model can simulate the properties of the
unfrozen soil materials too. Therefore, the double yield surface rotational hardening model proposed in this paper,
based on the frozen saline soil, has a good adaptability.
In this study, it is found that there is a great difference between the CSLs of the frozen saline sandy soil and the cemented
clay. The CSL of the cemented clay is a straight line. While the CSL of the frozen saline sandy soil is approximately a straight
line under the low conﬁning pressures (smaller than 6 MPa), but it is gradually bended downward with the increase of
conﬁning pressures since the phenomenon of pressure melting exists (as shown in Fig. 6).
As we know, some models based on natural unfrozen soils cannot describe the pressure melting phenomenon of frozen
saline sandy soil. In this paper, in order to simulate this phenomenon, we use a modiﬁed effective stress p* (such as Eqs. (24)
and (25)) to establish the CSL function of the frozen saline sandy soil. In order to better explain the inﬂuence of pressure
melting on the stressestrain relation and the powerful advantage of the proposed model, the calculated results considered
pressure melting or not are shown in Fig. 19. Here we use a model of straight CSL to simulate the properties of the frozen soil
material without the pressure melting characteristics. From Fig. 19, it is found that the factor of pressure melting has a little
effect on stressestrain relationship under low conﬁning pressure, but the larger the conﬁning pressure, the larger the in-
ﬂuence of the pressure melting on the volumetric strain.
From the mentioned above, it can be concluded that the proposed model in this paper is able to simulate not only the
mechanics properties of materials whose CSL is straight but also those of materials whose CSL is curved.
(2) Some literatures (Yin and Chang, 2010; Fonseca et al., 2013; Liu et al., 2013) indicated that the soft soil particles result
in initial anisotropy during the process of consolidation, and the stress leads to the particle rotation continually
during the loading process. For the general frozen soil, it is found that there is a certain angle between the plastic
ﬂow direction and hydrostatic pressure axis after the isotropic consolidation (Lai et al., 2009), but this phenomenon
was not deeply investigated previously. The initial anisotropy and loaded anisotropy of frozen geomaterial, and frozen0 5 10 15 20 25
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Fig. 19. Comparison between the test results and the calculated results of the proposed model considering pressure melting and not considering pressure
melting.
Y. Lai et al. / International Journal of Plasticity 78 (2016) 84e113 109soil particle rotational hardening theory are rarely reported in the published literatures. In this paper, it is ﬁrst time
that the initial anisotropic rotation angle a0 was obtained from the test results of frozen saline sandy soil. From Eq.
(78), it can be seen that the initial anisotropy is associated with conﬁning pressure, and the initial rotational angle
under low conﬁning pressures is larger than that under large conﬁning pressures. Kobayashi et al. (2003) proposed
that the subloading induces the soft soil particle rotation for the ﬁrst anisotropization, and then isotropization until
the sample failure. This study shows that subloading inducing the sample the ﬁrst isotropization from the initial
rotational angle, and then anisotropization, ﬁnally the rotations of particles reach the maximum rotational angle
when the sample failure.0 5 10 15 20 25
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Fig. 20. Comparison between the results of different hardening rules (with rotational hardening and without rotational hardening).
Y. Lai et al. / International Journal of Plasticity 78 (2016) 84e113110(3) Based on the test results, the rotating characteristic of initial yield surface, caused by initial anisotropy under
compression mechanism of frozen saline sandy soil, is considered. In order to study the effect of initial anisotropy and
loaded anisotropy of particle rotation on the calculated results, two kinds of simulating calculations of the proposed
model, with andwithout considering the rotational hardening, are performed, respectively. From Fig. 20, it is found that
the calculated results of the proposed model agrees with the test results very well when rotational hardening is
considered. However, the calculated results of the variations of deviator stress versus axial strain, without considering
the rotational hardening, are smaller than the test results, and themaximumerror between them is about 10% (Fig. 20a, c,
e). The calculated variation curves of volumetric strain versus axial strain,without considering rotational hardening law,
have large error relative to the test results, and themaximumcalculated results of volumetric strain are near to 4 times as
large as the test results under the low conﬁning pressures (Fig. 20b) and 3 times as large as the test results under the
middle conﬁning pressures (Fig. 20d), respectively. It can be concluded that the inﬂuence of initial anisotropyand loaded
anisotropy cannot be ignored in the mechanics study on frozen saline sandy soil, and the proposed model considering
rotational hardening in this paper can better simulate the stressestrain relationship for frozen saline sandy soil.7. Conclusions
A series of triaxial tests for frozen saline sandy soil with salt contents 0.0, 0.5, 1.5, and 2.5% have been performed at
temperature 6 C in this study, and the inﬂuence of salt contents on model parameters is investigated. Based on the test
results, a plastic compression and shear mechanism constitutive model for frozen saline sandy soil has been established.
Some conclusions are made as follows:
(1) Based on thermodynamics theory and employing non-associated ﬂow rule, a double yield surface rotational hardening
model of frozen saline sandy soil has been established. Under the plastic volumetric compression mechanism, the
initial anisotropy and loaded anisotropy cannot be ignored. Considering the particle rotations or not has a large in-
ﬂuence on the model calculated results. The comparisons of the calculated results by proposed model with the test
results are made and the agreement is seen to be very good.
(2) From the test results, it is found that the initial anisotropy of frozen saline sandy is related to the isotropic consolidation
pressures. Therefore, in the proposed model, the inﬂuence of initial anisotropy and loaded anisotropy is taken into ac-
count. The research results show that the initial anisotropy rotational angle a0 under the lowconﬁning pressure is larger
than that under the high conﬁning pressure. The inﬂuence of a0 on the model calculated results under low conﬁning
pressure ismore signiﬁcant than that underhigh conﬁningpressure. At the same time, the higher the conﬁningpressure,
the smaller the particle rotational speed. During the process of shear, the particle rotational angle, starting with a0, is
gradually increasing to zero, and then increasing to the maximum value u. Finally, the rotational angle keeps the
maximum value until the frozen soil specimen failure. The rotational characteristic of the frozen saline sandy soil, iso-
tropization during the initial stage of loading process and then anisotropization, is not same as that of the natural soils.
(3) The salt content is an important factor inﬂuencing the mechanics properties of the frozen saline sandy soil. The test
results indicate that the frozen saline sandy soil with different salt contents has much different mechanics properties.
By establishing the relationship between model parameters and salt contents, the proposed model can reﬂect the
inﬂuence of different salt contents on the mechanics properties of frozen saline sandy soil.
(4) The proposed model can well simulate the dilatancy and/or shrinkage of frozen saline sandy soil. In the peq plane, the
Critical State Line of frozen saline sandy soil is curve and is not through the origin. Based on this property, we presented
the concepts of modiﬁed effective stress, expressed by p*, and themaximum initial critical stress ratio, expressed byM0.
By this way, the CSL of frozen saline sandy soil can be expressed by q¼M0p*. From the simulated results of frozen saline
sandy soil, it can be found that the proposed model in this paper is able to simulate not only the mechanics properties
of materials whose CSL is straight but also those of materials whose CSL is curved.
(5) The Na2SO4 frozen saline sandy soil tests show that the sample deformation includes the dilatancy of strain softening
and the shrinkage of strain strengthening when the conﬁning pressures are from 0 MPa to 16 MPa during the shearing
process. When the conﬁning pressures are low (smaller than 6MPa), the sample behaviors shear dilatancy. The smaller
the conﬁning pressures, the larger the shear dilatancy, the more obvious the phenomenon of stressestrain softening,
the lower the shear strength, and the CSL is more approximate to linear under low conﬁning pressures. If the conﬁning
pressures are larger than 6 MPa, the strain is gradually strengthened and the CSL is gradually curved downward with
the increase of conﬁning pressures.Acknowledgments
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_εa the axial loading strain rate of test
p, q, qf hydrostatic pressure, deviator stress and critical shear strength
εij, dεij total strain and total strain increment
sij, dsij stress and stress increment
sc constant conﬁning pressure in conventional triaxial test
U internal energy in unit volume
qm heat ﬂow vector
T temperature
f free energy function
j dissipation function
s system entropy generation
_si, _sr internal entropy rate, external entropy rate
K bulk modulus
G shear modulus
pa atmospheric pressure
kp, n material parameters
ag, bg material parameters
as, bs, cs material parameters
S mass fraction of anhydrous Na2SO4
Cl intercept of CSL in peq plane
M0 initial critical stress ratio
Bl pressure melting characteristic parameter
A, A
0
, B, B
0
dissipation increment function parameters
a, a0 rotational hardening angle and initial rotational angle
r spacing ratio
p0, p*0 initial and modiﬁed consolidation pressures
px, p0x hydrostatic pressure parameters px ¼ p0/2, p0x ¼ p*0=r
p*m isotropic hardening function
pt increment of mean effective stress
f, g yield function and plastic potential function
cp material parameter
u maximum rotational angle
b rotating speed parameter
r shift stress
q shear hardening parameter
ks material parameter
Subscripts
v volumetric variable
g shear variable
0 initial value
Superscripts
e elastic variable
p plastic variable
k yield surface number
* modiﬁed mean effective stress parameter
Appendix A. Procedures of model establishment and veriﬁcation
1) A series of conventional triaxial tests under different conﬁning pressures were carried out. The test results are shown in
Figs. 1, 2 and 4, respectively.
2) Establishment of the thermodynamics basic equations (In Section 3.2).
According to results of Collins et al., the thermodynamics basic equations, such as Eqs. (12a) and (12b), were established.
3) Using the elasticeplastic decomposition principle, the elastic deformation theory is analyzed ﬁrstly (In Section 4.1). In
Section 4.1(1), ﬁve different stress level isotropic compression tests with loadingeunloadingereloading cycles, shown in
Y. Lai et al. / International Journal of Plasticity 78 (2016) 84e113112Fig. 2, were used to investigate the inﬂuence of conﬁning pressures on bulk modulus K (Such as Eq. (17) and Fig. 3); In
Section 4.1(2), ﬁfteen loading-unloading-reloading triaxial shear tests under ﬁve conﬁning pressures were carried out (A
test result is shown in Fig. 4), and the relationship between shear modulus G and conﬁning pressurewas obtained (Such as
Eq. (20) and Fig. 5). Then, the elastic part of elasticeplastic increment constitutive relationship (Eqs. (18) and (21)) and the
expression of elastic free energy (Eq. (23)) were obtained.
4) The Critical State Line (CSL) in p-q plane (In Section 4.2).
According to the strength characteristics of frozen soils by the conventional triaxial tests, the CSL equation, Eq. (26), was
established in p-q plane.
5) Plastic mechanism analyses.
The plastic deformation mechanism was divided into plastic volumetric compression mechanism and plastic shear
mechanism.
I) Plastic volumetric compression mechanism analysis (In Section 4.3 (1)). According to thermodynamics theory, the
expression of dissipative increment Eq. (27) and plastic free energy increment Eq. (30) were proposed, and the yield
function Eq. (36) and the plastic potential function Eq. (37) were established. Under volumetric compression mech-
anism, the motion hardening law Eq. (39) and rotational hardening law Eq. (40) were used to reﬂect the process of
hardening.
II) Plastic shear mechanism analysis (In Section 4.3 (2)). Like the plastic volumetric compression mechanism, the yield
function Eq. (44), the plastic potential function Eq. (46) and rotational hardening law Eq. (45) were proposed under
plastic shear mechanism.
6) Establishment of the incremental constitutive theory (In Section 4.4).
According to yield functions Eqs. (36) and (44), potential functions Eqs. (37) and (46) and hardening laws Eqs. (39), (40)
and (45), plastic strain incremental expressions Eqs. (66) and (73) were derived under plastic volumetric compression
mechanism and plastic shear mechanism, respectively. Finally, combining with elastic strain incremental expressions Eqs.
(18) and (21), the total expression of elasticeplastic incremental constitutive model (Eq. (74)) was given.
7) Model parameter determination (In Section 5.1 (1) and (2)).
In steps 3 and 4, the elastic parameters and CSL parameters have been determined by ﬁtting the test results. Hardening
parameters canbedeterminedby following steps. Fromthedeﬂectionangleof initial plasticﬂowdirection (Shown inFig. 8), the
initial rotational angle of yield surface a0 can be obtained (Eq. (78) and Fig. 11). After that, according to the detailed method in
Section 5.1, model parameters u, b, cp, w, as, bs and cs can be determined, and all the model parameters are listed in Table 3.
8) Model veriﬁcation (In Section 5.2).
Substituting the model parameters, obtained in step 7, into the constitutive equations, established in step 6, and writing a
computer program for Eq. (74) in Visual Basic language, the numerical simulation for triaxial compression of frozen soil
samples under different conﬁning pressures could be performed. The calculated results are shown in Fig. 16. Then, the
proposed model was veriﬁed by the test results of different loading paths, and the comparison between the test results and
the calculated results, shown in Fig. 17, was made.
9) Discussion of model (In Section 6).
In order to further study the adaptability of the proposed model, by comparing the calculated results by the proposed
model in this paper and the SCC model with the test results of cemented soil (In Section 6 (1)), it can be illustrated that the
proposed model has a good applicability (Fig. 18). The inﬂuence of pressure melting characteristic has been investigated, and
the results are shown in Fig. 19. Then, the initial rotational characteristic has been analyzed in Section 6 (2). Finally, the
calculated results of the proposed model with different hardening rules (with rotational hardening and without rotational
hardening), shown in Fig. 20, were investigated (In Section 6 (3)).References
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